Abstract -This paper presents the Volterra input-output map as an extension of the S-parameters towards weakly nonlinear RF and microwave devices. This 'VIOMAP' can be measured and it can be used to predict the behavior of cascaded nonlinear twoports.
I. INTRODUCTION
In the 50's the concept of S-parameters was introduced to model and to cascade linear microwave devices. During the 70's commercial instrumentation became available which resulted in a breakthrough of these parameters.
In this article it will be proven that it is possible to develop an equivalent of these Sparameters [1] for weakly nonlinear microwave devices based on the Volterra theory [2] . This equivalent will be referred to as 'VIOMAP' : the Volterra input-output map. Although this extension has a solid theoretical base, it is not the aim of the article to stress its mathematical derivation [2] , [3] but to show its practical use.
First both the similarities and the differences of VIOMAP and S-parameters will be introduced by a simple example. Then the important capability of VIOMAP to predict the behavior of cascaded microwave devices is explained. Finally the VIOMAPs of two microwave amplifiers are measured using a prototype "nonlinear network" analyzer. Based upon these VIOMAPs the behavior of the cascaded devices is predicted and this prediction is verified by measuring the cascaded system.
II. VIOMAP AND S-PARAMETERS.
The system equivalence is used throughout this article to explain the concept of VIOMAP. Figure 1 shows the equivalence between a physical twoport device and its system representation. The input and output port of the physical device are transformed into input and output terminals of the corresponding system. The incident waves become input signals and the reflected waves become output signals.
First consider a linear twoport. If both input terminals of the system are excited with a signal at frequency , the output signals only contain a component at that frequency which is specified by the S-parameters. In order not to complicate the equations, all frequencies will be expressed relative to this frequency . This is only a simplification, not a restriction. (1) The S-parameter describes the influence of the input wave at input terminal on the output wave at output terminal for a certain frequency . Similarly the VIOMAP kernel describes the contribution of the n-th degree of nonlinearity of system H, combining the frequencies at input terminal into the frequency component of the output signal at output terminal .
To illustrate this the VIOMAP of a device containing a third-order nonlinearity is generated. Based on the Volterra theory it can be proven that 1 (2) In the case of a purely linear device the third-order kernels are zero, such that (3) Comparing (1) and (3) it becomes clear that for a purely linear device the first-order VIOMAP kernel is nothing else than the S-parameter .
Unlike the S-parameter equations (1), it is impossible to generate the VIOMAP equations (2) by hand when the system becomes more complex. An important step forward in the practical use of VIOMAP was the development of a software tool which generates these equations automatically based on the frequency grid of the input spectrum at each input terminal and given the degree of nonlinearity of each output terminal. 
III. CASCADING TWO-PORT VIOMAPS
When cascading linear two-ports a transformation from S-parameters to T-parameters (and vice versa) has to be performed in order to obtain the S-parameters of the cascaded system. This is equivalent to solving a feedback problem at the system level, as is shown in figure 2 . In the same way, VIOMAPs can be cascaded to predict the nonlinear behavior of connected high-frequency devices by the use of the appropriate software. This problem was tackled and solved both numerically and symbolically. Only the numerical approach will be explained.
Based on figure 2 we can write a set of equations (4) where and represent known incident waves. The VIOMAP describes the transmitted wave as a nonlinear function of and . Likewise , and are described by their VIOMAP as a nonlinear function of the corresponding incident waves. Solving to the unknown : (5) which can be solved using the Newton-Raphson algorithm [4] . Due to the orthogonality of the different frequency components, (5) must be valid for each spectral component. For a set of rational frequencies it is possible to find a fundamental frequency and therefore to consider them as being harmonically related. As a result a frequency grid consisting of n harmonics can be defined: 0, , , ..., .
The simplest way to solve (5) is to write each complex number as an equivalent vector in . To perform this conversion, some notation will be defined. Let . Then define to be the real and imaginary part of and the vector of the stacked real and imaginary part. Similar notation is used for vectors, functions and matrices. As a result (5) is solved with the iteration (6) where 1 , and is the Jacobian of the function 1. The dc component can be represented by a real number.
with respect to . Using the chain rule for derivatives and the relations in one finds
A starting value for , can be found based on the linear contributions of and only: (8) For each iteration all other unknowns can be calculated starting from the value of based on : (9) Finally the values of the output waves and are found corresponding to the actual input
)
waves and : (10) For each pair of input waves the above numerical algorithm predicts the corresponding output waves. Repeating this procedure results in a set of input and output waves which can be used to calculate the VIOMAP of the cascaded system.
IV. THE MEASUREMENT SETUP AND RESULTS
To determine the VIOMAP of a twoport the device under test has to be excited with a set of states similar to the situation where it will be used. Presently the states will cover randomly the amplitude range of operation and the frequencies of interest. More work will be done to select experiments with an optimized effectiveness to determine the VIOMAP.
The setup (figure 3) measures the incident waves a 1 (t), a 2 (t) and the reflected waves b 1 (t), b 2 (t) at the device under test, both in amplitude and phase on a given frequency grid via a test set. For a twoport device four channels are needed. The setup is based on a "modified" commercial product (HP 70820A -Microwave Transition Analyzer "MTA"). This product is basically a 2-channel downconvertor based on the sampling principle combined with two data acquisition channels and some signal processing power. The modification is necessary to synchronize two MTAs with each other to obtain a four channel phase coherent measurement. The microwave sources and the sampling process are all locked to the 10 MHz reference signal of one of the generators to assure synchronization.
Two sources are combined to excite the device under test at two different frequencies simultaneously at both port 1 and port 2. The excitation at port 2 emulates the effect of the device being terminated wit a mismatch causing reflection of the incident power. The attenuators guarantee separate control of the input power at port 1 and port 2 enlarging the degree of freedom to excite the device under test at different states.
To eliminate the systematic errors between the real a 1 (t), a 2 (t), b 1 (t), b 2 (t) and the measured ones, introduced by the imperfections of the signal separation hardware and the measurement chain, calibration is needed. The classic linear calibration is based on the ratio between the test and reference channels and does not calibrate for absolute phase and power. Therefore the linear calibration technique using an open, load and short is extended with a phase calibration based on a reference signal [5] and a power calibration using a power meter in order to obtain the calibrated values A 1 (ω), A 2 (ω), B 1 (ω) and B 2 (ω).
The measurement setup has been used to determine the VIOMAP of two different amplifiers and to verify the prediction of the cascaded VIOMAPs with the measurements (figure 4).
The fundamental frequency for this analysis was chosen at 1.2 GHz. Due to the drive frequency f s of the MTA samplers and the use of fast fourier transforms the fundamental frequency was calculated at 1.1921688 GHz with a sample frequency f s of 19.8656 MHz.
When cascading both amplifiers a portion of the harmonics generated by the first amplifier is reflected by the second amplifier. Therefore in order to obtain a relevant model for the first stage (TWA) its output has to be excited by a multi-tone signal. Due to the narrow-band behavior of the second amplifier the frequency grid of interest is reduced to three harmonics. The present setup has one major limitation: there are only two sources. Another limitation is the fact that the ratio of the input powers at the generated frequencies is the same for both the
input port and the output port of the device under test. Due to the first limitation it is impossible to excite the device by a 3 tone signal. So 250 experiments are collected, keeping one source at the fundamental frequency f 0 while randomizing the frequency generated by the second source between 2f 0 and 3f 0 . The resulting VIOMAP model only needs 17 complex kernels to describe the 3 harmonics of the transmitted wave. Its validity is verified by performing an harmonic distortion measurement. Figure 5 shows both the measured and the predicted output for the first stage.
The second stage needs a more severe analysis because it is excited by the harmonics which are generated by the first stage. Another way to overcome the limitation of the two sources is to use the first amplifier to generate the excitation signal for the second stage. Therefore the TWA is inserted between the attenuator and the directional couplers at port 1 ( figure 3 ). This way two additional experiments are generated using a 1-tone and a 2-tone signal as excitation signal for the TWA resulting in a rich excitation signal for the BTA. Again 250 experiments are collected. The simple VIOMAP model which is extracted only needs 11 complex kernels to describe the 3 harmonics of the reflected wave and another 16 kernels to describe the transmitted wave. The validity of the model is verified by an harmonic distortion measurement and the two additional measurements using the TWA. Figure 6 shows the measured and predicted harmonic distortion for the second stage.
Once the two VIOMAPs are calculated, one can predict the behavior of the cascaded amplifiers using the cascading software. It was found that (5) has more than one solution and that using (8) as starting value the Newton-Raphson algorithm converges to another solution than the measured one for large input powers. Using a zero starting value this problem was solved. Nevertheless this behavior will be studied in more detail. The predictions of an harmonic distortion analysis are compared with measurements in figure 7. Very good correspondence is found for all harmonics. The deviation for input powers above 5.5 dBm is caused by the fact that no measurements were done at the corresponding input powers (above 8.5 dBm) for the second amplifier. Being a complex polynomial approximation a rather poor extrapolation of the VIOMAP can be expected. Repeating the measurements for the second stage for input powers up to 9.5 dBm would result in predictions of the same quality as in the region where no extrapolation was needed. Figure 8 shows that VIOMAP is also able to predict the phase.
V. CONCLUSIONS
This article proves that it is theoretically and practically possible to extend the concepts of linear devices towards nonlinear devices. The VIOMAP of a device, which is the extension of S-parameters, allows to simulate nonlinear device behavior such as load pull behavior [6] . A measurement setup is described which collects the calibrated signals at the device under test from which the VIOMAP can be derived. These VIOMAPs can be cascaded numerically. The capabilities and some restrictions were illustrated by measuring and modeling the cascade of two amplifiers.
The combination of VIOMAP and the measurement setup is an important step towards the integration of nonlinear devices in simulators at the system level.
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